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Abstract 

Motivated by the recent work of Vilar et al. [l] we enhance our non-commuta- 
tive translation invariant gauge model [5] by introducing auxiliary fields and ghosts 
forming a BRST doublet structure. In this way localization of the problematic term 
can be achieved without the necessity for any additional degrees of freedom. The result- 
ing theory is suspected to be renormalizable. A rigorous proof, however, has not been 
accomplished up to now. 

1 Introduction 

Tackling the infamous UV/IR mixing problem plaguing Moyal-deformed QFTs has been 
one of the main research interests in the field for almost a decade (see [31 HI [5] for reviews 
of the topic.) It is accepted on a broad basis that non-commutativity creates the need for 
additional terms in the action to reobtain renormalizability. Several interesting approaches 
have been worked out [6l[7j, and proofs of renormalizability have been achieved mainly by 
utilizing multi-scale analysis [HI [9] , or formally in the matrix base [10] . 
Quite independent of these developments Gurau et al. [TT] introduced a term of type (ji-k ^cj) 
in the Lagrangian which modifies the theory in the infrared region and, in this way, renders 
it renormalizable. This was in fact proven to all orders by the authors using multi-scale anal- 
ysis. Motivated by the inherent translation invariance and simplicity of this model (referred 
to as ^ model,) a thorough study of the divergence structure and explicit renormalization 
at one-loop level [125 ^^^^ ^ computation of the beta functions [13] have been carried 
out. 



In the following we will premise Euclidean with the Moyal-deformed product [x- 
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With these definitions we use the abbreviations 
for matrices M. 



ei'^Vy for vectors v and M = O'^'M, 



m 



A generalization of the scalar (p^, 
yielding the action 



model to U(l) gauge theory was first proposed 



S = Sinv[A] + Sgi[A, b, c, c 
d^x 
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with the usual gauge boson A^, ghost and antighost fields c and c respectively, the Lagrange 
multiplier field 6, and a real U(l) gauge parameter a. The antisymmetric field strength 
tensor F^i^ and the covariant derivative are defined by 



d^Ay - dyA^ - ig [A^ * Ay] , and D^,ip = d^,ip - ig [A^ * ip] 



for arbitrary if. The term 



'S'nloc 



d*^x Ff,y -k 
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(3) 
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implements the damping mechanism of the ^ model by Gurau et al. [TT] . It is of inherently 
non-local nature and gives rise to an infinite number of gauge boson vertices as described 



in Ref. [T2|- However, there are several approaches for localization which deserve to be 
discussed in more detail below in Section [2l First, we briefly review our early attempts in 
this endeavour which led to the introduction of additional degrees of freedom. Subsequently, 
as an alternative way to tackle the problem, a modified version of the model with auxiliary 
fields forming BRST doublet structures is discussed. This latter approach aims to form a 
basis for the application of algebraic (or equivalently any other) renormalization which will 
be postponed to a future publication. The UV power counting is discussed in Section | 
and a short conclusion and outlook are given in Section [H 



2 The Art of Localization 

Recently two different methods of localization for terms of the type have been proposed 
[2l|T|. In the following these approaches shall be reviewed briefiy. 



2.1 Introduction of an Auxiliary Field 

The problem of the infinite power series raised by Eqn. Q can be avoided by the introduction 
of at least one additional real antisymmetric field Bfj,y of mass dimension two, as described 
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ini2j: 



'nloc 



'loc 



(5) 



which represents the simplest case. However, this method introduces new physical degrees 
of freedom which can only be avoided if the new terms in the action are written as an 
exact BRST variation. In order for such a mechanism to work, further unphysical fields are 
required. 



2.2 Localization a la Vilar et al. 

Recently, Vilar et al. [Jj found an alternative way to rewrite the critical term ([3|) by intro- 
ducing two pairs of auxiliary complex conjugated antisymmetric tensorial fields {B^y,B^y), 
and {x^ly■•XtJ.v) of mass dimension one, 

= j d^X [Xiiu * D'^B^u + B^j_y -k D'^XtJiV + I'^Xtiv * Xtiv) + 5'break , (6) 

with 7 being a parameter of mass dimension one. The term 5*11100 is now split into a BRST 
invariant part 5*100,01 and a breaking term 5*break as can be seen by explicit calculation with 
the definitions in Ref. [T]. The additional degrees of freedom are eliminated by following 
the ideas of Zwanziger [15] (see |16j for a more comprehensive review of the topic) to add a 
ghost for each auxiliary field in such a way that BRST doublet structures are formed. This 
results in a trivial BRST cohomology for 5*ioo,o from which follows [TTj that 

•55*100,0 = =^ 5*100,0 = ■s5ioo,o , (7) 

i.e. the part of the action depending on the auxiliary fields and their associated ghosts can be 
written as an exact expression with respect to the nilpotent BRST operator s. Unfortunately 
the breaking term does not join this nice property due to a non-trivial cohomology. However, 
it is constructed such that its mass dimension is smaller than four, the dimension of the 
underlying Euclidean space. Such a breaking is referred to as "soft" (c.f. Ref. [TTj) and does 
not spoil renormalizability. In fact, 5'break is the actual origin of the avoidance of UV/IR 
mixing featured by this theory as it alters the IR sector while not affecting the UV part. 
The mechanism of soft breaking in combination with UV renormalization will be discussed 
in the subsequent sections below. 



3 New Model Omitting the Double Quartet Structure 



The starting point is the gauge invariant part 6*100 (c-f- Eqn. ([5|)) of the action ([2|) which has 
originally been introduced to localize the term Q. As has been shown in [2j the auxiliary 
field B^y appears to have its own dynamic properties representing additional degrees of 
freedom. Following [1] we introduce an additional pair of ghost and antighost fields ^^jy and 



y^i/, and furthermore turn B^y into a complex conjugated pair (i?^tiy, B^jj) 



to replace Eqn. ([5]) with 



of fields in order 
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where (as in the remainder of this section) ah field products are considered to be star 
products. The parameters A and /x both have mass dimension 1 and replace the former 
dimensionless parameter a' . 

It is easy to show the equivalence of this localized action and the original non-local 
version by employing the path integral formalism: 

d^x^F^.F^'^ + Sloe 



Z = / V{ipil)BBA) exp 
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When considering Landau gauge fixing, i.e. 

S^^ = j d^x {hd^'A^ - cd^'D^c) , 
one has the following BRST transformation laws for the fields: 



(9) 



(10) 



sA^ — D^c , 
sc = b , 

sF^u = ig [c, Ff,^] 



sc = igcc , 
sb = 0, 



(11) 



and furthermore 



si/j/.u = B^y + ig {c, 
sB^y = + \g [c, B^y] , 



sB 



15 [c, B^ 



Observe that with the BRST doublet structure of Eqn. ([12]) one can write 



loc 



d^X 



A 



(12) 



(13) 



(14) 



Since the mass dimension dm of the field dependent part of 5brcak fulfills the condition 
dm i'lpfiuF^'^) = 3 < -D = 4 the breaking is considered to be "soft". As has been shown 
by Zwanziger |18j terms of this type do not spoil renormalizability. In order to restore 



where the first term gives rise to a breaking of BRST invariance, as 



A 



S5break= / d*X-V'.,F'^^ with ^break = / d^X-B.^F^'^ 
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BRST invariance in the UV region (as is a prerequisite for a future application of algebraic 
renormalization) an additional set of sources 

sQfj.uaf3 = J^ivalB + ^9 {c, Q ^lua^} , sJ^yajB = ^9 [c, Jfiuaf^] , (15) 

is introduced, and coupled to the breaking term which then takes the form 

= I d^x [j^.^pB^^'F'^f' - Q^.^pV'F^P) . (16) 
Eqn. is reobtained if the sources Q and J take their "physical values" 

Oaii'o/? I phys ~ ' '^A''^"/3 1 phys ~ ^ {^fiaSuf3 ~ ^fipS,ya) ; 

QMi/a/slphys = ; JfiualslpY^y^ = ^ (Sfia^ulB " Sf^isd^a) ■ (17) 

Note that the hermitian conjugate of the counterterm 5break in Eqn. ([8]), (i.e. the term 
/ d^xB^yF^j^y) may also be coupled to external sources which, however, is not required for 
BRST invariance but restores hermiticity of the action. 



j d'^xB^yF^y — > j d^x s ( J^j,o^Vmi,Fo^) = j d'^x J^^^apB^pFap. (18) 



Including external sources l^-^, G {A, c, B,B,iIj, V, Q, Q} for the non-linear BRST 
transformations the complete action with Landau gauge d^A^ = and general Q/Q and 
J / J reads: 

•S" = Supi + S(f)Tx + 'S'new + "Sbreak + "Sext ; (19) 

with 



S'inv — j ^ Ffiv F^ , 

S^^ = jd^xs{cd>'A^) = Jd^xibd^'A^-cd^'D^c) 



= I d^x [j^.apB^-'F"^ - f^^B^^D'D^B'^'' + fi^i^^^D^D^r" 

5break = j d^X S (^Q ^.o.^B^'' F"^) = j d^X [j^ua/sB^^" F^^ - Q ^ua^r" F''" 

5ext = j d^x (n^Df'c + ig n^cc + + i5 [c, B^) + ^9 ^% [c, ^'^-j 

+i5 {c, V'^-} + 1^;^, (5^^^ + i<7 {c, Vi^'^}) + (J^'^"^ + iff {c, Q^'^-^}) 

+iff [c, J^'^^P] + ( J>-^ + iff {c, Q^'^"'^}) + iff [c, J>'^"'3 



(20) 
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Tab. [J summarizes properties of the fields and sources contained in the model (j20p . 

Notice that the mass /x is a physical parameter despite the fact that the variation of the 
action = s (^^^D'^D'^B^^'^^ yields an exact BRST form. Following the argumentation 
in Ref. [17] this is a consequence of the introduction of a soft breaking term. For vanishing 
Gribov-like parameter A the contributions to the path integral of the ^ dependent sectors 
of 5new in cancel each other. If A 7^ one has to consider the additional breaking term 
which couples the gauge field to the auxiliary field and the associated ghost il^^y. 

This mixing is reflected by the appearance of a' = \/ ^ in the damping factor + ^ 
featured by all field propagators (|31cp - ()31f|) . 

3.1 Symmetries 

Aiming to apply the method of algebraic renormalization we explore the symmetry content 
of the proposed theory. The Slavnov- Taylor identity is given by 



B{S) = j dS 



5S 6S 6S 6S , 5S 5S 5S 5S 6S 
+ -rTr-— + b— + + 



I6n^ 6Af^ 6c 6c dft^^ 6B^'^ 6n^ 5Bi^^ 

6S 6S 6S 6S 6S 6S 6S 6S 

+ :j-ir— H --r— + 7^ ir——^ + 



6nt ^^"^ 6nt ^^^^ s^l., ^Q^""^ ^^iuap ^J""'''' 

0. (21) 



6S 6S 6S 6S 

+ ^ T^-TT^ + 



xqQ (5Q/^^°/3 6n^ „6Ji''''^P 

Furthermore we have the gauge fixing condition 

6S 



the ghost equation 



and the antighost equation 



d^A, = Q, (22) 



g{S)= /d^x^ = 0. (24) 



Table 1: Properties of fields and sources. 
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Following the notation of Ref. [1] the identity associated to the BRST doublet structure 
is given by 



6S 



6S 



ap 



+ J, 



ss 



6S 



0. (25) 



pa '""f" per f^i^pf^ , 

It is interesting to mention that the first two terms of the second line, 



/ 



d^x J, 



5S 



6S 



0, 



pa 



pupa 



constitute a symmetry by themselves. These terms stem from the insertion of conjugated 
field partners J and Q for J and Q, respectively, which are not necessarily required as 
discussed above in Section [3l 

Furthermore, we have the linearly broken symmetries U^^^ and U^^'^: 
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Finally, the model features a symmetry denoted by U^'^\ 
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Detailed investigation of the above relations, and their application to renormalization are in 
progress and will constitute a major part of a forthcoming paper. 



3.2 Propagators: 

From the action (fT9l) and (j20p with J/ J and Q/Q set to their physical values given by ([1 
one can easily derive the propagators 

1 



(31a) 
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(31d) 
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fi'^k'^k^ (A;2 + ^ 



Gpu,pu{k) , 



(31e) 
(31f) 



where the abbreviation a' = A//i was used. From the form of these propagators we notice 
that both G^^ and G'^'^ scale with 1/A:2p in the ultraviolet. Further more, all vertices with 
one B, one B and an arbitrary number of A legs have exactly the same form as the ones 
with one ip, one tp and an arbitrary number of A legs. Therefore, considering our previous 
results of [2j, we expect all divergent contributions to the vacuum polarization coming from 
the tp sector to exactly cancel those coming from the B sector. Of course this conjecture 
has to be proven by explicit calculations which are in progress. 

Note that the propagators obey the following symmetries and relations: 



Gp^aik) — Gpl^^{k) — Gp^p^{k) — Gp^p^ik), 
Gfii/,pa-ik) — ~Gf,ppfj = ~G'^y^up{k) = Gf,p,jp(k), 
for (j) G {Tp7p,BB,BB,BB}, 



2k'k'Gf^^p,{k) = i- (kpG^ik) - k,G^^[k)) 



— {Spp^va Spa^up) — i {kpGp^^{k) kpGp^p{k)^ 2k'^k'^Gp^p^{k), 
H fx 



G 



BB 
pv,pa \ 



= i- {kpG^'^^M-kuG^'^^pik)) 
(fc) = G'fpjP p„{k) + Gp^p^{k). 



fiu,pa 



(k), 



(32a) 
(32b) 

(32c) 

(32d) 

(32e) 
(32f) 



In fact, relations (I32c|) - (l32ep follow directly from the equations of motion for Bpi, and B^ 



pv ■ 



3.3 Power counting 

The superficial degree of UV divergence is determined by the number of external legs of the 
various fields denoted by E. Its explicit form is given by: 

dy = A-EA- E,/s - 2Eb - 2Eb - 2E^^ - 2Ee , (33a) 
= 4 - - -Ec/c - 2Ea' , (33b) 
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where 



Ea' = Eb + + E^i^ + Eq , (34) 

and Eg counts negative powers of 6. It is possible that Eg becomes negative. Hence, the 
first version (counting Ea' , i.e. the overall powers of a' in a graph) is probably more useful, 
as Ea' > 0. 

4 Conclusion and Outlook 

Motivated by the recent work of Vilar et al. [1] we have proposed a modified version of our 
translation invariant non-commutative ^ U(l) gauge model [2] being localized by introduc- 
ing auxiliary fields together with associated ghosts and antighosts. This procedure avoids 
the occurrence of additional degrees of freedom which has been subject of criticism [IJ. The 
^ model features an IR damping mechanism which suppresses the infamous UV/IR mixing 
problem of non-commutative QFT (c.f. references [TTt [T2l [2]). Careful construction of BRST 
doublet structures paves the path for the application of the well known algebraic renormal- 
ization procedure [19]. The unavoidable soft breaking which spoils BRST invariance can be 
cured in the UV by introducing a doublet of sources to restore the symmetry. Demanding 
these sources to take appropriate physical values, i.e. to reduce to some unity-valued tensor 
structure or to vanish (cf. Eqn. (jl7p ). one is able to renormalize the high energy behaviour 
in a standard way while maintaining the desirable IR damping. We have shown that the 
resulting model obeys the Slavnov- Taylor identity, gauge fixing condition, ghost equation, 
and the symmetries C/(°\ U'^^\ tj^^\ and C/^^^ introduced in Ref. [Ij. 
It remains to derive the most general counterterm and conduct the loop calculations neces- 
sary for the determination of coefficients which is postponed to future publications. 
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